For aliphatic polyesters such as PLAs and PGAs, there is a strong interplay between the hydrolytic degradation and erosiondegradation leads to a critically low molecular weight at which erosion starts. This paper considers the underlying physical and chemical processes of hydrolytic degradation and erosion. Several kinetic mechanisms are incorporated into a mathematical model in an attempt to explain different behaviours of mass loss observed in experiments. In the combined model, autocatalytic hydrolysis, oligomer production and their diffusion are considered together with surface and interior erosion using a set of differential equations and Monte Carlo technique. Oligomer and drug diffusion are modeled using Fick's law with the diffusion coefficients dependent on porosity. The porosity is due to the formation of cavities which are a result of polymer erosion. The model can follow mass loss and drug release up to 100%, which cannot be explained using a simple reaction-diffusion.
model presented here can follow the degradation and drug release all the way to the full disappearance of an implant.
Introduction
Biodegradable polymers, mainly aliphatic polyesters have highly desirable applications in the biomedical field, and presently being used as disposable products (e.g. syringe, blood bag), supporting materials (e.g. sutures, bone plates and sealant), artificial tissue/organs (e.g. artificial heart, kidney, eyes and teeth) and controlled release formulations for use with various drugs or hormones [1] [2] [3] [4] . All these applications are primarily relied on the fact that the polymer ultimately disappears after providing a desired function [5, 6] . In this respect, modelling their degradation and erosion in aqueous medium has attracted a great deal of attention in the literature [7] .
According to the general knowledge in the literature, the degradation of the aliphatic polyesters is a chemical process which is resulted from polymer chain cleavage. The degradation products, monomers and oligomers, are released by diffusion. Grizzi, Garreau, Li and Vert [8] observed that thick PLA plates degrade faster than thin ones.
They attributed this to acid accumulation which is more severe in a thick plate than that in a thin one. The carboxylic ends of the broken chains have a high degree of acid disassociation, which accelerates the polymer degradation. In thin sheets, this effect is significantly reduced because the oligomers can diffuse out quickly. Various mathematical models have been developed for polymer hydrolysis and erosion.
Zygourakis et al. [9] , Siepmann et al. [10] and Chen et al. [11] developed stochastic hydrolysis and erosion models to describe mass loss and drug release. However, these models did not consider the autocatalytic effect of the hydrolysis reaction, which has been recognised as the key factor for the degradation of PLAs and PGAs [12] .
Recently Zhang et al. [13] developed a combined degradation and erosion model. This is an advanced model which follows oligomer diffusion at the continuum scale and random chain scissions and polymer erosion at the microscopic scale. However, the model is over-complicated for applications in practical device design. The important autocatalytic effect of the hydrolysis reaction was not considered, which means the model is unable to capture size effect of the degradation. Gopferich [14] suggested a two-phase mass loss profile for an eroding polymer. During the first phase, no significant mass loss can be obtained, while molecular weight is significantly reduced.
This phase was designated as degradation. As soon as the molecular weight reaches a critical level at which the polymer becomes water soluble, an erosion phase initiates and the eroded material could be released into the surrounding medium leading to a large mass loss [15] . In their work a mechanism based link between the degradation and erosion processes was not made. Considering all the diffusion reaction models for polymer degradation, the mass loss predicted by the oligomer diffusion equation is generally less than 10% [16, 17] . However, the observed mass loss in the experimental literature is much higher even in the initial phase of degradation and can reach 100% at the end of degradation.
The objective of this paper is to combine a hydrolytic degradation model with a polymer erosion model so that the different behaviours of mass loss can be captured in a single model. The reaction-diffusion equations previously developed by Pan and his coworkers [18, 19] are adopted which consider the autocatalytic effect and are valid for aliphatic polyesters such as PLAs, PGAs and their copolymers. These equations are coupled mechanistically with an erosion model to provide a full picture of mass loss and drug release. It is shown that all the observed trends such as biphasic and triphasic mass losses can be obtained by using the combined model. Two case studies are provided to demonstrate that the model can fit with the experimental data satisfactorily. This paper focuses on amorphous polymers, which are the case for the experimental work cited in both case studies. Chapter four of reference [18] provides a model for polymer degradation considering chain-cleavage induced crystallisation.
The mathematical model
In this paper matter transport is limited to 2-dimensions although the mathematical model is generally valid for 3-dimensional problems. The case studies presented later in this paper can all be modelled under the assumption of 2-dimensional matter transport. We limit our effort to these cases for the sake of simplicity. A polymer implant is represented by using a set of regular pixels as shown in Fig. 1 . The centres of the pixels correspond to nodes in a finite difference grid. Again, the model is not limited to this particular approach of discretization. In general, the finite element method can be used to solve the governing equations. However, for the sake of simplicity, we focus our effort on using the simplest discretization method. This allows us to demonstrate the capacity of the model before its extension to general polymer implants. The polymer morphology and pores are treated explicitly by using pixels of different state.
As shown in Fig. 1 , each pixel is identified by its indices ( , ) in the x-and y-directions.
The state of each pixel is defined by its number averaged molecular weight, ( , , ), erosion index, ( , , ) and the local drug concentration ( , , ). The erosion index is defined as
Water diffusion is a fast process in comparison to polymer degradation and erosion [19, 20] . It is therefore assumed that water molecules are always abundant in the polymer. The hydrolytic degradation is reflected by the reduction in and polymer erosion is reflected by changes of ( , , ) from 1 to 0. The initial molecular weights of the pixels are set such that they follow a normal distribution using a direct Monte Carlo technique. A random number generator, R, is linked with a specified standard deviation to ensure that the molecular weight follows a normal distribution such that
in which , and , _ represent the mean value and standard deviation of the molecular weight distribution respectively.
Model for hydrolytic degradation
For hydrolytic degradation, the model developed by Pan and co-workers [18, 19] is used. A brief summary of their model is provided for the convenience of readers. The rate of polymer chain scission follows the governing equation [18, 19] 
in which , ,0 and represent the mole concentrations of chain scission, initial ester bonds and short chains, 1 and 2 , the kinetic rate constants for non-catalytic and autocatalytic hydrolysis reactions, and are constants indicating the nature of chain scissions (random or end scissions), represents the equilibrium constant for acid disassociation of the carboxylic ends, and m, the average degree of polymerization of the short chains which is generally taken as 4 [18] . The production rate of short chains due to polymer chain cleavage is given by [18, 19] = ( ,0
in which is the concentration of ester bonds of all the short chains. The average molecular weight of the polymer is calculated using [18, 19] 
.
in which ,0 is the initial molecular weight and ,0 , the degree of polymerisation of the polymer.
Introduction of erosion in the degradation model
Interior erosion and surface erosion are considered here. Following Gopferich [14] two rules for erosion of a pixel at the interior of an implant are used: (i) molecular weight at the pixel must be below a critical value, and (ii) the pixel must be in contact with an eroded neighbour. This can be written as
Here, , represents the critical molecular weight. This erosion model leads to a sudden release of oligomers when the critical molecular weight is reached. While some polymers do show this sudden mass loss in the degradation experiment, other polymers show a gentler trend in mass loss [12, 21] . The slow mass erosion can be captured by introducing an incubation period, , in the model. A pixel of low molecular weight only changes its state from = 1 to = 0 after being in contact with an eroded neighbour for an incubation period of .
For some polymers, surface erosion starts as soon as the polymer is in contact with the surrounding medium. The volumetric erosion rate is given by [22] ( ) = − .
in which ( ) represents the volume of material lost per unit surface area per unit time, and is a material constant. For a pixel in contact with the surrounding medium, ( , , ) is changed to zero when its volume is reduced to zero through Eq. 7.
Rate equation for oligomer and drug diffusion
Oligomers and solubilised drug molecules are capable to diffuse through the polymeric matrix. Because the typical size of drug particles is much smaller than the characteristic diffusion distance in a drug-loaded polymer, the actual morphology of the drug particles are ignored and the drug-loaded polymer is treated as a continuum solid. Assuming Fick's law for diffusion, the oligomer and drug concentrations, , and are governed by [23] = + ( , ) + ( , ).
in which the subscript refers to either ol, to represent oligomer, or drug, to represent drug. is the rate of short chain production or drug dissolution and , and , are the diffusion coefficients in x and y-directions. The current oligomer concentration is coupled back to Eq. 3.
In the diffusion model, polymer morphology and pores are treated in an effective manner using effective diffusion coefficients. These diffusion coefficients depend on the local porosity of the polymer matrix. They are also controlled by the way in which the pores are connected locally, i.e. the diffusion coefficients have very different values in different directions. To consider the orientation dependence, two "porosities", and
, are introduced such that [18]
and , = ,
in which , and , represents the diffusion coefficients in the non-degraded bulk polymer and water filled pores respectively. A local "porosity" in a particular direction is defined as the fraction of eroded pixels over a pre-defined number of pixels,
2
, vertical to that direction. and are therefore calculated as
The mass loss is calculated by summation of mass losses due to short chain diffusion, , and erosion, , such as
Similarly, drug release, is calculated as summation of drug release due to drug diffusion, , and release carried by polymer erosion, , such as
The numerical procedure and different behaviours of mass loss
The central finite difference scheme is used for spatial discretization for the second term on the right hand side in Eq. 8. The time integration is performed by using the direct Euler scheme, i.e. values of and at t=t+∆ are calculated as
It is assumed that ( , ) =0 and ( , ) = 0 at t = 0. Perfect sink conditions are assumed at the interface between the polymer and its surrounding medium, which requires that = 0 at the interface. Numerical convergence is obtained by gradually increasing the number of pixels and decreasing the time step.
Considering an infinitively large plate, Fig For the sake of comparison, all the simulations were terminated at 30 days. Fig. 2(a) shows the mass loss from the reaction-diffusion equation. As can be seen, the short chain diffusion reaches only 0.3 % of the total polymer weight. Fig. 2(b) shows the mass loss due to surface erosion. The surface erosion starts at t=0, with a constant rate which leads to continuous thinning of the plate. 15% mass loss is reached with the specified erosion rate. Fig. 2(c) shows the mass loss when the interior erosion is the dominant mechanism. It has an almost zero mass loss followed by a dramatic release of oligomers. Fig. 2(d) shows the mass loss profile due to interior erosion with an incubation period of 0.5 week. As can be seen, the mass loss of each induvial mechanism exhibits a distinctive behaviour. Diffusion of the short chains makes very little contribution to the mass loss because the typical diffusion coefficient of the short chains is very small [16, 19] . Surface erosion leads to a linear mass loss over time.
The small jumps in the figure are a characteristic of the discrete erosion model and can be explained as that a pixel cannot be eroded until its volume reduces to zero. On the other hand, interior erosion presents a burst phase in the release of oligomers.
The zero mass loss at the early stages of interior erosion is because of the time taken for pixels to satisfy the two criteria of erosion. Once these criteria are satisfied, polymer erodes promptly leading to a dramatic mass loss.
The introduction of an incubation period for interior erosion produces the mass loss trend shown Fig. 2(d) that is most widely observed in the literature. The trend is achieved by assuming that a polymer of very low molecular weight cannot dissolve immediately when being in contact with water. Consequently, this study shows that the incubation behaviour is a general and important factor that has to be considered when understanding the degradation of aliphatic polyesters.
Case studies of fitting the model with experimental data
The model was applied to two experimental studies in the literature to demonstrate its capacity and provide an insight into the mechanisms underlying each case.
Case Study A
Grizzi et al. [8] carried out a set of experiments using PLA50 in order to compare the degradation behaviour of plates of different sizes. Large and thin plates were allowed to age under iso-osmolar phosphate buffer solution at pH 7.4 and 37 o C. The dimensions of the samples used were 15x10x2 mm and 15x10x0.3 mm. The initial molecular weight was 20,000 gmol -1 and 34,000 gmol -1 for the thick plates and thin films respectively. The molecular weight and mass loss were measured as degradation proceeds. Fig. 3 (a) presents a schematic picture of a 3-dimensional plate.
Since the plate is comparatively long in the z-direction, in our model matter transport is ignored in that direction and a 2-dimensional simplification were used. Due to symmetry only one quarter of the plate, shown using the shaded region in Fig. 3(a) , was considered. As indicated in Fig. 3(b) , the quarter of the plate is divided into uniform square pixels of x = 200 x 1000 for the thick plate and 30 x 1000 for the thin plate. Our numerical studies showed that these densities of pixels ensure numerical convergence. Hydrolytic chain cleavage, oligomer diffusion and interior erosion are included in the model. Surface erosion was excluded. [26] . Parameter m represents the average number of repeating units of oligomers which is taken as 4. Parameters α and β reflect the random nature of the polymer chain cleavage and are taken from
Pan et al. [18] .
, is determined from the experimental data of Grizzi et al. [8] such that they corresponds to the times at which significant mass loss occurred in the experiment. Group II refers to the data that were varied to fit the experimental data.
1 and 2 are the non-catalytic and autocatalytic rate constants for the hydrolysis reaction.
, is the diffusion coefficient of the oligomers in the non-degraded polymer. In a previous work [18] , a comprehensive study on parameter sensitivity was performed for the polymer degradation model. In the newly added erosion model the parameters are unique for a particular set of experimental data. Hence, the model sensitivity to these parameters is clear. The discrete symbols in Fig. 4 and week 24 after which a sudden mass loss occurred. The thick samples also showed very little mass loss until week 9, which is then followed by a sudden mass loss reaching almost 100%. This type of mass loss behaviour is very difficult to capture using a reaction-diffusion model. The polymer chain scissions simply cannot produce enough oligomers to give a mass loss of such quantity at the corresponding molecular weight. Only by considering interior erosion together with the hydrolytic chain scission, it is possible for the mathematical model to capture this mass loss behaviour. This means that interior erosion is the dominant mechanism controlling mass loss in these experiments. For the thin samples, there is only one experimental data point at week 28 showing significant mass loss. In the model a small incubation period of 0.2 week was used to give a gentle tread in mass loss toward 30 weeks. This is however arbitrary and not absolutely necessary because of the lack of experimental data.
Li et al. [27] conducted follow up degradation experiments on PLA/GA specimens and observed strong surface-centre differentiation during the degradation. A clear whitish layer of hard shell at the surface and a hollow interior were clearly observed at the end of their experiment. Li et al. [27] attributed this phenomenon to acid accumulation at the interior of the thick sample. The polymer degrades much faster at the core of the sample due to low pH generated by acid disassociation of the carboxylic end groups.
This surface-centre differentiation has been clearly captured by our model, which is shown in Fig. 6 . The pattern of erosion shown in Fig. 6 can be directly compared to those observed experimentally by Li et al. [27] . The white pixels represent non-eroded polymer and the black ones represent the eroded cells. No interior erosion occurs until week 11, because the inner pixels do not meet the two criteria of erosion (see Eq. 6).
When the criteria are met, an interconnected network of eroded cells are quickly formed, which leads to a sudden release of material from interior of the sample.
Burkersroda [28] related the break of the surface layer to a critical osmotic pressure inside the matrix due to the accumulation of erosion products. This study shows that no such osmotic pressure is necessary for the heterogonous breaking up of the samples.
Case Study B
The release kinetics of drugs dissolved in a polymeric matrix can generally follow a multiphasic release mechanism, including a diffusion-controlled phase, a degradation controlled phase and an erosion-controlled phase. Depending on the polymer type, some of these phases may be absent. In this case study, we demonstrate that model [24], [25] , ,0 [25] and [18] are taken from the related references.
, and , are diffusion coefficients in liquid filled pores for oligomers and drug respectively which are simply taken as very large numbers [26] .
The values of 1 , 2 , Consequently, this study shows that the incubation behaviour is a key factor that controls the degradation in this particular case. Fig. 10 illustrates the model fitting of drug release with the experimental data. Sirolimus release of two loadings of 1 and 2% were simulated respectively. The very small drug loadings justify the ignorance of phase separation between drug particles and the polymer, which is assumed in the drug diffusion model. The release profiles overlap for the two loadings and only the results for 1% loading are shown in Fig. 10 . It can be observed from Figs 9 and 10 that drug release is very closely related to polymer mass loss. Because the incubation behaviour is critical to understand the mass loss, it is also critically important to the understanding of drug release. In this particular case it is polymer erosion rather than drug diffusion that control the drug release. In fact various drugs used in coronary stents tend to have large molecular weights. Their diffusion in the drug-loaded layer is therefore very slow and consequently their release cannot be modelled satisfactorily without considering polymer erosion. 
Conclusion
A mathematical model is presented in this paper to simulate the hydrolytic degradation and erosion process of aliphatic polyesters. As far as we are aware, this is the first time that the mechanisms of autocatalytic hydrolytic degradation, oligomer diffusion, and surface and interior erosion are all considered in a single mathematical model.
Our study highlights several important issues when modelling the degradation and drug release. In general, it is important to link hydrolytic degradation and erosion processes in order to understand different kinds of mass loss and drug release trends.
In particular it is revealed that (a) it is unlikely to model mass loss larger than 10% using a reaction-diffusion model because polymer chain scissions cannot provide enough oligomers to be released from an implant; (b) experimental data often shows that a critical molecular weight exists below which a sudden mass (and drug release) occurs. It is critically important to embed this information into a mathematical model;
(c) an incubation behaviour for polymer dissolution is an important factor when understanding mass loss and drug release for some polymers; and (d) the release of drugs used in coronary stent can only be modelled satisfactorily by taking into account of polymer erosion because the diffusion of these drugs is very slow. Fig. 1 . Schematic illustration of discretised polymer. 
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